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Abstract
Sachs has derived quaternion field equations that fully exploit the un-
derlying symmetry of the principle of general relativity, one in which the
fundamental 10 component metric field is replaced by a 16 component
four-vector quaternion. Instead of the 10 field equations of Einstein’s
tensor formulation, these equations are 16 in number corresponding to
the 16 analytic parametric functions ∂xµ
′
/∂xν of the Einstein Lie Group.
The difference from the Einstein equations is that these equations are
not covariant with respect to reflections in space-time, as a consequence
of their underlying quaternionic structure. These equations can be com-
bined into a part that is even and a part that is odd with respect to spatial
or temporal reflections. This paper constructs a four-vector quaternion
solution of the quaternionic field equation of Sachs that corresponds to a
spherically symmetric static metric. We show that the equations for this
four-vector quaternion corresponding to a vacuum solution lead to dif-
ferential equations that are identical to the corresponding Schwarzschild
equations for the metric tensor components.
1 Introduction
This paper develops a solution of the quaternionic metrical field equations of
Sachs[1], [2] ,[3] corresponding to the Schwarzschild solution in ordinary general
relativity. In analogy to Dirac’s idea of taking the matrix square root of the
Klein Gordon equation and with it important predictions for the electron, Sachs
used quaternions to take the square root of the metric condition[4]
dτ2 = −gµνdxµdxν . (1)
In a similar manner, Sachs uses quaternions to factorize the Einstein equation,
in effect, taking its matrix square root. We begin with a review of the key
assumptions and intermediate steps he took in deriving his quaternionic metrical
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field equations before presenting our new result. Our review is taken from his
books and key articles. In Sec. 1, we review the connection between what
he calls the Einstein group and the role of quaternions. In Sec. 2 we give
the connection between the metric and four-vector quaternion functions. In
Sect. 3 the derivation of the spin affine connection is reviewed and in Sec.
4 the connections between the spin curvature tensor and Riemann curvature
tensors are established. Then in Sec. 5 Sachs’ quaternion field equation is
developed. In Sec. 6 we construct a four-vector quaternion that corresponds
to a spherically symmetric static metric. We then show that the equations for
this quaternion corresponding to a vacuum solution lead to differential equations
that are identical to the corresponding Schwarzschild equations for the metric
tensor components.
2 The Einstein Group and Quaternions
As with Einstein’s original form of the general theory of relativity, Sachs’ met-
rical field equations are based on the fundamental axiom of the principle of
relativity which is ’general covariance’. General covariance is the assertion that
all laws of nature must be independent of the frame of reference in which they
may be represented. Sachs’ ’Einstein group’ refers to the group of all analytic
transformations between the space and time coordinates of all possible frames
of reference[5]. The space-time transformations of the Einstein group are char-
acterized by the set of continuously distributed derivatives ∂xµ
′
/∂xν = xµ
′
,ν .
These 16 parametric functions are the rate of change of the space-time coor-
dinates in one frame, xµ
′
, with respect to those of another, xν , where µ, ν =
0, 1, 2, 3 are the temporal and three spatial coordinates. He states that the
significance of this number is that there must be 16 independent field equations
to prescribe the space-time. He introduces four vector quaternion functions
qµ(x), with each of the four vector components being a quaternion rather than
a real number field to embody the 16 component metrical field[5]. He then
argues that the corresponding independent field equations should also be 16 in
number.
The Einstein group is a symmetry group of general relativity and is defined
as the set of proper transformations that leave invariant the metric condition Eq.
(1), excluding time reversal and parity inversion. This set of continuous and
analytic transformations also preserves the forms of the laws of nature. Sachs
asks the question why the Einstein equations are 10 in number rather than 16.
His answer is that the form of these equations are more symmetric than they
need be in accordance with the 16 parameter Einstein group. They are not only
covariant with respect to continuous transformation, but are also covariant with
respect to discrete reflections in space and time. The latter is not an absolute
requirement. Sachs demonstrated with the use of the four-vector quaternion
functions qµ(x), how, in effect, the Einstein equation can factorize into two
equations, neither of which by itself is reflection symmetric or antisymmetric[6].
How does this come about?
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First one recalls that the irreducible representations of the proper Poincaire
group of special relativity obey the algebra of quaternions. (Related to this is
the well known fact that one cannot produce parity inversions, reflections, or
time reversal by using the Pauli matrices as generators). Sachs points out that
the irreducible representations of the Einstein group of general relativity also
obey the algebra of quaternions.
Let us recall some elementary properties of quaternions. Recall that
Hamilton[7] introduced them as generalizations of complex numbers from a
two dimensional space to a four dimensional space.
Q = 1x4 + ix1 + jx2 + kx3,
x4, x1, x2, x3 real, (2)
Their conjugates are
Q¯ = 1x4 − ix1 − jx2 − kx3, (3)
so
i = −ı¯
j = −j¯,
k = −k¯. (4)
and requiring
QQ¯ =
(
x4
)2
+
(
x1
)2
+
(
x2
)2
+
(
x3
)2
, (5)
implies
i2 = −1,
j2 = −1,
k2 = −1, (6)
and
ij= −ji,
jk= −kj,
ki= −ik. (7)
Closure implies
ij = k = −ji,
ki= j = −ik,
jk = i = −kj. (8)
Since Pauli matrices satisfy
σiσj = δijσ0 + iεijkσk, (9)
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they can be used to represent quaternions if one chooses
1 = σ0,
i = −iσ1,
j = −iσ2,
k = −iσ3. (10)
In compact form
Q = −iσµxµ = (σ0x4 − iσ · r),
−iσ4 = σ0 =
[
1 0
0 1
]
, (11)
with a space conjugate form
Q¯ = σ0x
4 + iσ · r, (12)
and
QQ¯ = (x4)2 + r2. (13)
Hamilton, of course, had no empirical reason to choose
x4 = −ix0 = −ict. (14)
With that choice, motivated of course by special relativity,
Q = (σ0x
4 − iσ · r) = −i(σ0x0 + σ · r) = −iσµxµ, (15)
and the invariant metric is1(
x0
)2 − r2 = −Q¯Q = −x2 = −ηµνxµxν , (16)
where
Q = −ixµσµ = −i
[
x0 + x3 x1 − ix2
x1 + ix2 x0 − x3
]
. (17)
Another way of writing this quaternion is to introduce the time conjugate
operation
Q → Q˜ = εQ∗ε,
ε = iσ2 =
[
0 1
−1 0
]
. (18)
In that case
Q˜ = ixµσ˜µ,
σ˜0 = −σ0,
σ˜i = σi. (19)
1Our Minkowski metric is η00 = −1, η11 = η22 = η33 = 1 ,ηµν = 0, µ 6= ν.
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Then
Q˜Q = xνxµσ˜νσµ = x
νxµηµν . (20)
The simplest quaternionic four vector is the set of four constant matrices
qµ = σµ, µ = 0, 1, 2, 3.
q˜µ = σ˜µ. (21)
The Lorentz transformation matrix coefficients αµκ′ are restricted by
ηµνα
µ
κ′α
ν
λ′ = ηκ′λ′ = ηκλ, (22)
which gives 10 conditions on otherwise 16 independent spacetime independent
elements αµκ′ , so that, including four space-time translations the Poincaire’ group
has just 6+4=10 independents elements (parametrized additionally by three
Euler angles and three boost velocities). Thus
dτ2 = −ηµνdxµdxν → dτ ′2 = −ηµναµκανλdxκdxλ = −ηκλdxκdxλ = dτ2. (23)
In contrast, the Einstein group entails 16 instead of 10 independent spacetime
dependent parametric functions since in general
gµνx
µ,κ′ x
ν
,λ′ = gκ′λ′ 6= gκλ, (24)
and therefore, unlike Eq. (22), does not restrict the xµ,κ′ (in case of Lorentz
transformations one has xµ,κ′ = α
µ
κ′) and of course
dτ2 = −gµν(x)dxµdxν = −gµν(x)xµ,κ′ xν,λ′dx′λdx′κ = −g′κλ(x)dx′λdx′κ = dτ ′2.
(25)
In analogy with Dirac’s idea of taking the square root of the Klein-Gordon equa-
tion by introducing matrices, Sachs came upon the idea of taking the square root
of the metric and, in a sense, ultimately of the Einstein equations themselves
by using quaternions[1]-[3]. He does this by introducing
dS =qµ(x)dxµ, (26)
as a matrix square root of the squared line element instead of ±√−dτ2 .
The quaternionic function qµ(x) has both a vector character and a second
rank spinor character. That is, one can view it in terms of its transformation
properties as the outer product of two two-component spinors ∼ (ηη†)µ and
so it transforms as a combination of a four vector (first rank tensor) and as a
second rank spinor under the Einstein group,
q′λ′(x
′) = xν ,λ′ S(x)qνS
−1(x), (27)
where S(x) are the spinor transformation matrices for the Einstein group.
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3 Square root of the metric condition.
In addition to Eq. (26) Sachs introduces the time conjugate line element
dS˜=q˜µ(x)dxµ, (28)
where, as in Eq. (18), the quaternionic conjugate is defined by
q˜µ(x) = εq
∗
µ(x)ε. (29)
Then
dτ2 = −dSdS˜ = −qµ(x)q˜ν(x)dxµdxν = −σ0gµν(x)dxµdxν , (30)
implies[4], because of the symmetry in the differential indices,
gµν(x)σ0 =
1
2
[qµ(x)q˜ν(x) + qν(x)q˜µ(x)]. (31)
For Minkowski space, or in the local limit, gµν → ηµν and qµ(x)→ σµ, as one
can readily verify,
ηµνσ0 =
1
2
[σµσ˜ν + σν σ˜µ]. (32)
One can see how the 16 independent quaternion components can be explicitly
labeled by introducing the 16 real tetrads vµa (x) with one Greek index in general
space time and one Latin index in Minkowski space,
qµ(x) = ηabσbv
µ
a (x) = q
µ(x)†, (33)
with
vµa (x)v
ν
b (x)gµν(x) = ηab, (34)
and
ηabvµa (x)v
ν
b (x) = g
µν . (35)
As with Eq. (31), this can be viewed as giving 10 conditions on the 16 functions
embodied in the 4 tetrads. The conjugate quaternion is given by
q˜µ(x) = εqµ(x)∗ε = ηabσ˜bv
µ
a (x) = q˜
µ(x)†. (36)
The Minkowski limit is defined by
vµa (x) → δµa ,
vaµ(x) → ηaµ. (37)
Using Eq. (33), (36), and
Trσaσ˜b = 2ηab (38)
one can show that
Trqµ(x)q˜ν(x) = 2gµν(x). (39)
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4 The Spin Affine Connection
Just as a vector field’s covariant derivative requires the introduction of the
affine connection Γκµν
Γκµν = g
κσΓσµν =
gκσ
2
(gνσ,µ + gµσ,ν − gµν,σ) = Γκνµ, (40)
so a spinor field requires the introduction of the spin-affine connection[8]. Both
affine connections are due to the nonlinear space-time. It is important to note
that the introduction of the 2x2 matrix structure of the quaternion qµ implies
a spinor vector space upon which it can act, with two component spinors as
elements,
η =
[
η1
η2
]
. (41)
Just as a four vector V µ(x) under the Einstein group transforms as a first
rank vector,
V µ(x)→ V µ′(x′) = xµ′ ,ν (x)V µ(x), (42)
so the spinor η(x) transforms as a first rank spinor,
η(x)→ η′(x′) = S(x)η(x). (43)
One thus anticipates a covariant derivative of the form
η;µ = η,µ+Ωµη. (44)
This becomes more clear by making explicit the spinor index
ηα;µ = η,
α
µ +Ω
α
βµη
β , (45)
in analogy with the way in which the ordinary affine connection modifies the
gradient of a vector to produce a covariant derivative,
V ν;µ = V
ν
,µ + Γ
ν
µλV
κ. (46)
One finds Ωµ [8] by noting that just as the metric has a zero covariant
derivative, gµν;λ = 0, so q
µ
;λ = 0 = q˜
µ
;λ because of the connection (31) between q
and g or that in the local limit qµ;λ → σµ;λ = 0. That leaves open the question
of how to define the covariant derivative of an object that is at the same time
a vector and a second rank spinor.
One expects that, in analogy to the expression for the covariant derivative
of an ordinary third rank tensor,
T µνκ;λ = T
µνκ
,λ + Γ
µ
ληT
ηνκ + ΓνληT
µηκ + ΓκληT
µνη, (47)
that
qµαβ;λ = q
µαβ
,λ + Γ
µ
τλq
ταβ +Ωαγλq
µγβ + qµαγΩ∗βγλ, (48)
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or[8]
qµ;λ = q
µ,λ+Ωλq
µ + qµΩ†λ + Γ
µ
τλq
τ = 0. (49)
Contract with q˜µ,
0 = q˜µ(q
µ,λ+Ωλq
µ + qµΩ†λ + Γ
µ
τλq
τ ), (50)
and use
q˜µAq
µ = 4A0σ0 = 2TrA, (51)
and
Aε+ εAT = 2εT rA. (52)
Hence
Ωλε+ εΩ
T
λ = εT rΩλ. (53)
Now since ε is a second rank spinor tensor like q we have
ε;λ = 0 = ε,λ+Ωλε+ εΩ
T
λ = Ωλε+ εΩ
T
λ . (54)
Thus, from Eq. (52)
TrΩλ = 0, (55)
and from Eq. (51)
q˜µΩλq
µ = 0, (56)
so that[8]
Ω†λ = −
1
4
q˜µ(q
µ,λ+Γ
µ
τλq
τ ),
Ωλ = ε
(
Ω†λ
)∗
ε =
1
4
εq˜∗µεε(q
µ,λ ε+ Γ
µ
τλq
τε) =
1
4
qµ(q˜
µ,λ+Γ
µ
τλq˜
τ ), (57)
Taking the adjoint, gives us the two additional forms
Ω†λ =
1
4
(q˜µ,λ+Γ
µ
τλq˜
τ )qµ,
Ωλ = −1
4
(qµ,λ+Γ
µ
τλq
τ )q˜µ. (58)
5 The Riemann Curvature Tensor, the Spin Cur-
vature Tensor and Their Relation
For an arbitrary first rank tensor Aν the mixed second covariant derivatives do
not commute, with their difference
Aν;ρ;σ −Aν;σ;ρ = (Γκνσ,ρ−Γκνρ,σ )Aκ + (ΓκνσΓλκρ − ΓκνρΓλκσ)Aλ
= RλνσρAλ = RλνσρA
λ,
defining the fourth rank mixed Riemann Christoffel curvature tensor.
Rλνρσ = Γ
λ
νσ,ρ − Γλνρ,σ + ΓκνσΓλκρ − ΓκνρΓλκσ, (59)
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In analogy to this use the fact that η;ρ = η,ρ+Ωρη is both a first rank tensor
and a first rank spinor from which one obtains
η;ρ;λ = (η,ρ+Ωρη) ,λ−Γνρλ (η,ν +Ωνη) + Ωλ (η,ρ+Ωρη)
= η,ρ ,λ+Ωρ,λη +Ωρη,λ−Γνρλ (η,ν +Ωνη) + Ωλ (η,ρ+Ωρη) , (60)
and so[8]
η;ρ;λ − η;λ;ρ = [Ωρ,λ+ΩλΩρ − Ωλ,ρ−ΩρΩλ]η
≡ Kλρη,
Kλρ = Ωρ,λ+ΩλΩρ − Ωλ,ρ−ΩρΩλ. (61)
Kλρ denotes the spin curvature tensor. Similarly
η†;ρ;λ − η†;λ;ρ = η†K†λρ,
K†λρ = Ω
†
ρ,λ +Ω
†
ρΩ
†
λ − Ω†λ,ρ − Ω†λΩ†ρ. (62)
Note that from Eq. (57)
εK∗λρε = ε(Ωρ,λε− Ω∗λεεΩ∗ρε− εΩ∗λ,ρε+ εΩ∗ρεεΩ∗λε) = K†λρ (63)
Appendix A demonstrates, by using the above two connections between
mixed covariant derivatives and the spin curvature tensor, that[8]
Kρλqµ + qµK
†
ρλ = −Rκµρλqκ,
K†ρλq˜µ + q˜µKρλ = Rκµρλq˜
κ. (64)
Given the forms in Eq. (61), (62) and (57-58) on the one hand and Eq. (59) on
the other, this equation is plausible because of the connection between the metric
and the quaternions given in Eq. (31) and the fact that the curvature tensor
on the right hand side involves first and second derivatives of the metric tensor
through the affine connection while the spin curvature tensor on the left hand
side involves first and second derivative of the quaternions qµ and q˜µ through
the spin affine connection. As far as we have been able to determine, however,
there has been no published proof of Eq. (64) by manipulations involving traces
say of the sort2
− 1
2
Tr[(Kρλqµ + qµK
†
ρλ)q˜η] =
1
2
RκµρλTrq
κq˜η = Rηµρλ. (65)
2The missing technology appears to be the analogue of the traces involving 4 and 6 gamma
matrices when derivatives are involved. One could mimic the gamma matrix proofs by use
of the tetrad relations in Eq. (33) and Eq. (36), but the expressions involving the derivatives
of the q′s in the expression for K complicates attempts to show explicitly that evaluation of
the left hand side of Eq. (65) yields the right hand side.
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Let us multiply the first of Eqs. (64) by q˜µ on the right and the second by
qµ on the left and add the two expressions. One obtains
Kρλqµq˜
µ + qµK
†
ρλq˜
µ + qµK†ρλq˜µ + q
µq˜µKρλ = Rκµρλ(q
µq˜κ − qκq˜µ). (66)
To simplify this one uses qµAq˜µ = 2TrA, q
µq˜µ = 2Tr1 = 4, TrΩλ = 0 and
TrKλρ = Tr[∂λΩρ +ΩλΩρ − ∂ρΩλ − ΩρΩλ]
= Tr[∂λΩρ − ∂ρΩλ] = ∂λTrΩρ − ∂ρTrΩλ = 0. (67)
Hence one finds that the following simple connection between the spin and
Riemann curvature tensor,[8]
Kρλ =
1
4
Rλρµκq
µq˜κ,
K†ρλ =
1
4
Rλρµκq˜
κqµ. (68)
Even though these two equations as the two in (64) demonstrate formally the
connection between the spin and Riemann curvature tensors there has been
no verification of their equivalence by using just the definitions of K in terms
of Ω and ultimately q and its derivatives. We will not attempt this here.
Instead, we shall concern ourselves with finding a solution to the quaternionic
field equations.
6 Sachs’ Quaternionic Field Equation
The Einstein equation is written in terms of the symmetric Ricci tensor
Rνκ = Rκν = R
µ
νκλg
λ
µ = R
µ
νκµ, (69)
and the scalar curvature,
R = gνκRνκ = R
κ
κ. (70)
In the presence of matter or electromagnetic fields, it is
Gµν = Rµν − 1
2
gµνR = −8piT µν . (71)
The source term T µν , corresponding to the density and flux of nongravitational
energy and momentum, must satisfy
T µν;µ = 0, (72)
as does
Gµν;µ = 0 (73)
corresponding to the contracted Bianci identity.
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As is well known[9], the Einstein equation also follows from the action prin-
ciple applied to
I =
∫
LEd4x, (74)
in which the Lagrange function is
LE=gµνRµν
√−g (75)
where g is the determinant of the metric tensor. Including matter terms LM
and applying the action principle to LE + LM gives Eq. (71).Sachs derives
his quaternionic field equation from a similar action, but with a quaternionic
version of Eq. (75).
To find the quaternionic version of R he shows first (see Appendix A) that
σ0Rγµρλ = −1
2
[q˜γKρλqµ + q˜γqµK
†
ρλ −K†ρλq˜µqγ − q˜µKρλqγ ] ≡ Rγµρλ
σ0Rµρ = σ0g
γλRγµρλ = −1
2
[q˜λKρλqµ + q˜
λqµK
†
ρλ −K†ρλq˜µqλ − q˜µKρλqλ] ≡ Rµρ,
σ0R = g
µρσ0Rµρ = −1
2
[q˜λKρλq
ρ + q˜λqρK†ρλ −K†ρλq˜ρqλ − q˜ρKρλqλ] ≡ R. (76)
We stress the difference between the number field forms on the left hand side
and the quaternion field forms on the right hand side by the use of Roman and
script variables. Taking the trace of the scalar curvature,
R =
1
2
TrR = 1
4
Tr[q˜λKρλq
ρ + h.c.].
For the Lagrangian density Sachs thus uses, in analogy to Eq. (75),
LE = (TrR)(−g)1/2 = 1
2
Tr[q˜λKρλq
ρ + h.c.](−g)1/2. (77)
Sachs derives his quaternionic form of the metrical field equations in which R
is regarded as a function of qµ and q˜µ by way of the right hand side from
δ
∫
{Tr[R(qµ, q˜µ,Ωµ,Ω†µ)] + LM}(−g)1/2d4x,
LM = (matter and electromagnetic contributions). (78)
As with the method devised by Palatini in which the form of the affine connec-
tion is not assumed but instead an outcome of the equations of motion, so the
spin affine connection Ωµ and its relation to the derivatives of q is an outcome
of the equations of motion. This is accomplished by regarding Ω as an inde-
pendent variable. Using the Palatini-like method, in which LE depends on the
spin curvature Kµν only through Ωµ;ν one finds
δ
∫
LEd4x =
∫ [
∂LE
∂Kµν
(
∂Kµν
∂Ωµ;ν
)]
;µ
δΩµd
4x = 0,
=⇒
(
∂LE
∂Kµν
)
;µ
= (qν q˜µ − qµq˜ν);µ = 0, (79)
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which in turn leads to the relation derived above
Ωλ = −1
4
(qµ,λ+Γ
µ
τλq
τ )q˜µ, (80)
between Ωµ and the quaternion q
µ, its derivatives and the affine connection.
Having established this, using the general relativistic Lagrange equations of
motion,
∂L
∂Λ(i)
=
[
∂L
∂Λ
(i)
;µ
]
;µ
, (81)
and Kρλ = − Kλρ leads to [6]
∂LE
∂qρ
=
1
4
[−(K†ρλq˜λ + q˜λKρλ)−
1
2
Rq˜ρ]∗(−g)1/2,
∂LE
∂q˜ρ
=
1
4
[(Kρλq
λ + qλK†ρλ)−
1
2
Rqρ]∗(−g)1/2 (82)
and so
1
4
(Kρλq
λ + qλK†ρλ)−
1
8
Rqρ = −∂LM
∂q˜ρ
= kFρ,
−1
4
(K†ρλq˜
λ + q˜λKρλ)− 1
8
Rq˜ρ = kF˜ρ = kεF∗ρε. (83)
Using Eq. (63), one sees that these two equations are quaternionic conjugates
of one another. Each of these equations transform as a vector quaternion with
16 independent components. Either of these nonlinear second order partial
differential equations is sufficient to determine fully the 16 independent parts of
the quaternion qµ(x) given appropriate boundary conditions. It is appropriate
to call this equation and its conjugate the Sachs equations. But before we go on
to construct a quaternionic solution to these Sachs equations let us make some
remarks about their intrinsic lack of either time reversal symmetry or space
inversion.
Recall that quaternionic conjugation Eq. (29) is equivalent to time reversal.
The two equations in (83) are therefore temporal reflections of each other but
are distinct and independent. One could likewise show that in Eq. (83) the two
equations are spatial reflections of one another. The separation into conjugated
field equations appears because of the lack of reflection symmetry in the Einstein
group. These two equations, from a mathematical point of view, are analogous
to two complex equations, say f(z∗, z) = 0 and f(z, z∗) = 0, which are complex
conjugates of one another assuming f is a real function. These are similar
to what Sachs has with the two equations in (83) which are the quaternionic
conjugates of each other. Since quaternionic conjugation is the same as either
spatial or temporal inversion, his equations go into each other under either parity
or time reversal. One could obtain an even parity equation from Eq. (83) by
adding the two equations, in analogy to using the real equation f(z∗, z)+f(z, z∗)
instead of the separate complex equations. Likewise one could obtain an odd
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parity equation from Eq. (83) by subtracting the two equations, in analogy to
using the imaginary equation f(z∗, z)−f(z, z∗) instead of the separate complex
equations. Note this absence of reflection symmetry of each of the two equations
in (83) is, however, not the same as parity or time reversal violation in a single
equation because the physics involves not just one of the equations, but both.
7 An Exact Solution to the Vacuum Sachs Equa-
tion.
The most well known solution of the Einstein equation is the Schwarzschild
solution. It is an exact solution. In this section we will demonstrate a similar
exact solution to the Sachs equation (83). But first, we review the standard
form of the Schwarzschild solution of the Einstein equation in a vacuum with
spherical symmetry and static conditions . Let
x0 = t,
x1 = r,
x2 = θ,
x3 = φ. (84)
Using Dirac’s form of the metric,[9],
dτ2 = e2νdt2 − e2λdr2 − r2(dθ2 + sin2 θdφ2),
g00 = −e2ν = 1/g00
g11 = e
2λ = 1/g11,
g22 = r
2 = 1/g22,
g33 = r
2 sin2 θ = 1/g33.
gµν = 0, µ 6= ν. (85)
Recall that
Γκµν =
gκσ
2
(gνσ,µ + gµσ,ν − gµν,σ) = Γκνµ. (86)
The only nonzero Γ′s are [9]
Γ100 = ν
′e2ν−2λ, Γ010 = ν
′,
Γ111 = λ
′, Γ212 = Γ
3
13 = r
−1,
Γ122 = −re−2λ, Γ323 = cot θ,
Γ133 = −r sin2 θe−2λ, Γ233 = − sin θ cos θ. (87)
With
Rνσ = Γ
λ
νλ,σ −Γλνσ,λ+ΓκνσΓλκλ − ΓκνκΓλσλ, (88)
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the vacuum Einstein equation Rνσ = 0 are the Schwarzschild equations:
R00 =
(
−ν′′ + λ′ν′ − ν′2 − 2ν
′
r
)
e2ν−2λ = 0,
R11 = ν
′′ − λ′ν′ + ν′2 − 2λ
′
r
= 0,
R22 = (1 + rν
′ − rλ′)e−2λ − 1 = 0,
R33 = R22 sin
2 θ = 0. (89)
These lead to
λ′ = −ν′,
ν ′′ + 2ν′2 +
2ν′
r
= 0,
(1 + 2rν ′)e2ν − 1 = 0. (90)
They are sufficient, together with matching at large r onto the Newtonian form
to determine the solutions,
g00 = −1 + rs
r
= 1/g00
g11 = e
2λ = 1/(1− rs
r
) = 1/g11,
g22 = r
2 = 1/g22,
g33 = r
2 sin2 θ = 1/g33. (91)
in which rs = 2GM is the Schwarzschild radius with G the gravitational con-
stant and M the gravitating mass (we use units with c = 1) .
We consider the quaternionic four-vector equation given in Eq. (83), the
Sachs equation. The vacuum form of this equation is3
1
4
(Kρλq
λ + qλK†ρλ)−
1
8
Rqρ = 0 (92)
Now, we seek to find the quaternionic solution of the Sachs equation correspond-
ing to the above metric. Consider the ansatz
q0 = e
ν , q0 = −e−ν,
q1 = xˆ · σeλ, q1 = xˆ · σe−λ,
q2 = rθˆ · σ, q2 = θˆ · σ
r
,
q3 = sin θrφˆ · σ; q3 = φˆ · σ
sin θr
. (93)
3Stricltly speaking we are solving the equation for r 6= 0 or outside the source and matching
the solution to Newton’s for large r. Sachs points out [3] that the Schwarzschild solution
should be a valid approximation for a bona fide nonlinear solution of the full non-homogeneous
Einstein equation, though this has yet to be demonstrated analytically.
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They are plausible since they satisfy
qµq˜ν + qν q˜µ = 2gµνσ0. (94)
However, this does not necessarily imply that these satisfy the Sachs metrical
field equation (83). Eq. (93) parametrizes the tetrads of Eq. (33) by
v00(x) = e
−ν ,
v11(x) = e
−λ,
v22(x) =
1
r
,
v33(x) =
1
r sin θ
,
vµa (x) = 0, µ 6= a. (95)
To compute the terms of the Sachs equation (83) consider first
Kρλ = Ωρ,λ+ΩλΩρ − Ωλ,ρ−ΩρΩλ, (96)
where
Ωλ = −1
4
(qµ,λ+Γ
µ
τλq
τ )q˜µ. (97)
From this we have
Ωρ,λ = −1
4
∂λ
[
(qµ,ρ+Γ
µ
τρq
τ )q˜µ
]
= −1
4
[(qµ,ρ ,λ+Γ
µ
τρ,λq
τ + Γµτρq
τ ,τ )q˜µ
+(qµ,ρ+Γ
µ
τρq
τ )q˜µ,λ ]. (98)
Now, for the static case, there is no time dependence so that
K0l = Ω0,l +ΩlΩ0 − Ω0Ωl.
Ω0 = −1
4
Γµτ0q
τ q˜µ,
Ωl = −1
4
(qµ,l+Γ
µ
τlq
τ )q˜µ, (99)
and using the only nonzero components of the affine connection from Eq. (87)
and the ansatz Eq. (93) we find
Ω0 = −1
4
Γµτ0q
τ q˜µ =
ν′xˆ · σeν−λ
2
,
Ω1 = −1
4
(qµ,1+Γ
µ
τ1q
τ )q˜µ = 0,
Ω2 = −1
4
(qµ,2+Γ
µ
τ2q
τ )q˜µ =
i
2
(1− e−λ)φ · σ,
Ω3 = −1
4
(qµ,3+Γ
µ
τ3q
τ )q˜µ = − i
2
(1 − e−λ) sin θθ · σ.
15
Thus
K01 = Ω0,1+Ω1Ω0 − Ω0Ω1 = (ν
′′ + ν ′2 − ν′λ′)xˆ · σeν−λ
2
,
K02 = Ω0,2+Ω2Ω0 − Ω0Ω2 = ν
′θˆ · σeν−2λ
2
,
K03 = Ω0,3+Ω3Ω0 − Ω0Ω3 = φˆ · σ ν
′ sin θeν−2λ
2
,
K12 = Ω1,2+Ω2Ω1 − Ω2,1−Ω1Ω2=− iλ
′
2
e−λφ · σ,
K13 = Ω1,3+Ω3Ω1 − Ω3,1−Ω1Ω3= i
2
λ′e−λ sin θθ · σ,
K23 = Ω2,3−Ω3,2+Ω3Ω2 − Ω2Ω3 = − i sin θxˆ · σ
2
(1 − e−2λ). (100)
For our quaternionic ansatz (93) we use these expressions for the spin cur-
vature tensors. Omitting details we obtain
K0λq
λ = K01q
1 +K02q
2 +K03q
3
=
eν−2λ
2
[ν ′′ − λ′ν ′ + ν ′2 + 2ν
′
r
] =
(
K0λq
λ
)†
= qλK†0λ, (101)
and
K1λq
λ = K10q
0 +K12q
2 +K13q
3
=
e−λ
2
[ν′′ − λ′ν′ + ν′2 − 2λ
′
r
]xˆ · σ = (K1λqλ)† = qλK†1λ, (102)
and
K2λq
λ = K20q
0 +K21q
1 +K23q
3
=
e−2λ
2
[ν′ − λ′ − (e
2λ − 1)
r
]θˆ · σ = (K2λqλ)† = qλK†2λ, (103)
and finally
K3λq
λ = K30q
0 +K31q
1 +K32q
2
=
sin θe−2λ
2
[ν ′ − λ′ − (e
2λ − 1)
r
]φˆ · σ = (K3λqλ)† = qλK†3λ.(104)
To complete the remainder of the Sachs equation we need to evaluate the
quaternionic version of the scalar curvature, that is,
R ≡ −1
2
[q˜λKρλq
ρ + q˜λqρK†ρλ −K†ρλq˜ρqλ − q˜ρKρλqλ]. (105)
Consider
q˜λKρλq
ρ = −q˜ρKρλqλ = q˜0Kρ0qρ + q˜1Kρ1qρ + q˜2Kρ2qρ + q˜3Kρ3qρ. (106)
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Using Eqs. (102) - Eq. (104) we find
q˜0Kρ0q
ρ + q˜1Kρ1q
ρ + q˜2Kρ2q
ρ + q˜3Kρ3q
ρ
= e−2λ[−ν′′ + λ′ν ′ − ν ′2 − 2(ν
′ − λ′)
r
+
1
r2
(e2λ − 1)] (107)
Next, consider
q˜λqρK†ρλ =
(
Kρλq
ρq˜λ
)†
,
Kρλq
ρq˜λ = Kρ0q
ρq˜0 +Kρ1q
ρq˜1 +Kρ2q
ρq˜2 +Kρ3q
ρq˜3
= −e
ν−2λ
2
[ν′′ − λ′ν′ + ν′2 + 2ν
′
r
]q˜0 − e
−λ
2
[ν′′ − λ′ν′ + ν′2 − 2λ
′
r
]xˆ · σq˜1
−e
−2λ
2
[ν′ − λ′ − (e
2λ − 1)
r
]θˆ · σq˜2 − sin θe
−2λ
2
[ν′ − λ′ − (e
2λ − 1)
r
]φˆ · σq˜3
= e−2λ[−ν′′ + λ′ν′ − ν′2 − 2(ν
′ − λ′)
r
+
(e2λ − 1)
r2
] = q˜λqρK†ρλ = q˜
λKρλq
ρ,
(108)
and similarly
K†ρλq˜
ρqλ = K†ρ0q˜
ρq0 +K†ρ1q˜
ρq1 +K†ρ2q˜
ρq2 +K†ρ3q˜
ρq3
= Kρ0q˜
ρq0 +K†ρ1q˜
ρq1 +K†ρ2q˜
ρq2 +K†ρ3q˜
ρq3. (109)
Now
K†ρ0q˜
ρ = K†10q
1 +K†20q
2 +K†30q
3
= −e
ν−2λ
2
[ν′′ − λ′ν′ + ν′2 + 2ν
′
r
],
K†ρ1q˜
ρ = K†01q˜
0 −K†12q2 −K†13q3
= K10q
0 +K12q
2 +K13q
3
=
e−λ
2
[ν′′ − λ′ν′ + ν′2 − 2λ
′
r
]xˆ · σ,
K†ρ2q˜
ρ = K†02q˜
0 −K†21q2 −K†23q3
= K20q
0 +K21q
2 +K32q
3
=
e−2λ
2
[ν ′ − λ′ − 1
r
(e2λ − 1)]θˆ · σ,
K†ρ3q˜
ρ = K†03q˜
0 −K†31q1 −K†32q2
= K30q
0 +K31q
1 +K32q
2
=
sin θe−2λ
2
[ν ′ − λ′ − 1
r
(e2λ − 1)]φˆ · σ. (110)
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and so
K†ρλq˜
ρqλ = K†ρ0q˜
ρq0 +K†ρ1q˜
ρq1 +K†ρ2q˜
ρq2 +K†ρ3q˜
ρq3
=
e−2λ
2
[ν ′′ − λ′ν ′ + ν ′2 + 2ν
′
r
] +
e−2λ
2
[ν′′ − λ′ν′ + ν′2 − 2λ
′
r
]
+
e−2λ
2r
[ν′ − λ′ − 1
r
(e2λ − 1)] + e
−2λ
2r
[ν′ − λ′ − 1
r
(e2λ − 1)]φˆ · σ
= e−2λ[ν ′′ − λ′ν ′ + ν ′2 + 2ν
′
r
− 2λ
′
r
− 1
r
(e2λ − 1)] = −q˜λqρK†ρλ.
(111)
Thus, we have
R ≡ −1
2
[q˜λKρλq
ρ + q˜λqρK†ρλ −K†ρλq˜ρqλ − q˜ρKρλqλ]
= −1
2
{e−2λ[−3ν′′ + 3λ′ν′ − 3ν′2 − 6(ν
′ − λ′)
r
+
3
r2
(e2λ − 1)]
−e−2λ[ν′′ − λ′ν′ + ν′2 + 2ν
′
r
− 2λ
′
r
− 1
r
(e2λ − 1)]}
= −2[e−2λ[−ν′′ + λ′ν′ − ν′2 − (2ν
′ − 2λ′)
r
+
1
r2
(e2λ − 1)]. (112)
Note this agrees with the scalar curvature obtained from Eq. (89) as could be
anticipated from Eq. ( 76). So, now we are in a position to consider each term
in the Sachs equation for ρ = 0, 1, 2, 3. We obtain
1
4
(K0λq
λ + qλK†0λ)−
1
8
Rq0 = 1
8
(4K0λq
λ −Rq0)
=
eν−2λ
8
[
4λ′
r
+
2
r2
(e2λ − 1)] = 0,
1
4
(K1λq
λ + qλK†1λ)−
1
8
Rq1 = 1
8
(4K1λq
λ −Rq1)
=
e−λxˆ · σ
8
[−4ν
′
r
+
2
r2
(e2λ − 1)] = 0,
1
4
(K2λq
λ + qλK†2λ)−
1
8
Rq2 = 1
8
(4K2λq
λ −Rq2)
=
re−2λ
8
θˆ · σ[−2ν′′ + 2λ′ν ′ − 2ν′2 − 2(ν
′ − λ′)
r
] =0,
1
4
(K3λq
λ + qλK†3λ)−
1
8
Rq3 = 1
8
(4K3λq
λ −Rq3)
=
r sin θe−2λ
8
φˆ · σ[−2ν′′ + 2λ′ν′ − 2ν′2 − 2(ν
′ − λ′)
r
] = 0. (113)
The general case, in which each of the four quaternions qµ(x) has four compo-
nents is a much more complicated set of 16 coupled highly nonlinear equations.
In the case of Eq. (113) each of the four quaternionic Sachs equations has only
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one component, not four. This simplicity is not surprising since our quaternionic
ansatz Eq. (93) has a similar property, that is each of the quaternions has only
one component. In summary these four equations give the three independent
equations
2λ′
r
+
1
r2
(e2λ − 1)) = 0,
−2ν
′
r
+
1
r2
(e2λ − 1) = 0,
−ν ′′ + λ′ν ′ − ν ′2 − (ν
′ − λ′)
r
= 0. (114)
Subtracting the first two equations in the above set and substituting in the last
two we obtain
ν′ + λ′ = 0,
−2rν′e2ν + (1− e2ν) = 0,
−ν′′ − 2ν′2 − 2ν
′
r
= 0. (115)
Thus we get agreement between the Schwarzschild metric derived directly
from the standard Einstein equation and from Eq. (93) together with the Sachs
equation (83).
8 Summary and Conclusion
We have presented an in depth review of Sachs’ early work [1] on his quater-
nionic field equations of general relativity, culminating in the Sachs equation
and its quaternionic conjugate given in Eq. (83). Since this equation is of the
form of a four-vector quaternion, it is a 16 component equation with the correct
number of components to solve uniquely, given the appropriate boundary con-
ditions, for the 16 components of the basic quaternionic four vector qµ(x). The
new result we present in this paper is an exact solution of this equation cor-
responding to the static, spherically symmetric conditions that Schwarzschild
used in his derivation. The quaternionic four vector qµ(x) that we found in
Eq. (93) constructs the metric via Eq. (31) and using the Sachs equation (83)
leads to differential equations in terms of the parametric functions ν(r) and
λ(r) that agree with those obtained in Schwarzschild’s treatment of the Ein-
stein equation. The Sachs equation (83) is, as mentioned in the introduction,
a factorized version of the Einstein equation. In [1]-[3]Sachs claims that 10 of
the 16 equations can be brought to symmetric tensor form and therefore identi-
fied with with gravity (Einstein’s equations) and that 6 of the 16 equations can
be brought to an antisymmetric tensor form and thus be identifed with elec-
tromagnetism (Maxwell’s equations). (See appendix B). However, in our view,
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solving the Sachs equation, which has the same number of components as qµ(x),
is more direct and economical than solving either of the above two factorized
combinations.
A The Spin Curvature Tensor and the Riemann
Curvature Tensor
Here we review the Sachs derivation [1]-[3],[8] of the results given in Eq. (76).
Recall gµν;λ = 0 = [q
µ(x)q˜µ(x)];λ implies q
µ(x);λ = 0. Also, recall that in terms
of its transformation properties, the quaternion qµ ∼ (ηη†)µ, so
0 = qµ;ρ;λ − qµ;λ;ρ = [(η;ρ;λ − η;λ;ρ)η† + η(η†;ρ;λ − η†;λ;ρ)]
+([qµ;ρ;λ]− [qµ;λ;ρ]), (A.1)
in which the last term refers to difference between covariant derivatives of qµ
as a four vector only. That should be given in terms of the Riemann curvature
tensor by
[qµ;ρ;λ]− [qµ;λ;ρ] = Rκµρλqκ. (A.2)
Hence
[(η;ρ;λ − η;λ;ρ)η†]µ + [η(η†;ρ;λ − η†;λ;ρ)]µ
= −Rκµρλqκ
= Kλρ[ηη
†]µ + [ηη
†]µK
†
λρ
→ Kρλqµ + qµK†ρλ = −Rκµρλqκ (A.3)
Similarly we find that
K†ρλq˜µ + q˜µKρλ = Rκµρλq˜
κ. (A.4)
Now
q˜γA.3−A.4qγ
= q˜γKρλqµ + q˜γqµK
†
ρλ −K†ρλq˜µqγ − q˜µKρλqγ = −Rκµρλ(q˜γqκ + q˜κqγ)
= −2σ0Rκµρλδκγ , (A.5)
and so we have the following relation between the Riemann curvature tensor
and the spin curvature tensor,
σ0Rγµρλ =
1
2
[q˜µKρλqγ − q˜γKρλqµ − q˜γqµK†ρλ +K†ρλq˜µqγ ]. (A.6)
We distinguish between the right and left hand side by defining the quaternionic
Riemann curvature tensor
Rγµρλ = 1
2
[q˜µKρλqγ − q˜γKρλqµ − q˜γqµK†ρλ +K†ρλq˜µqγ ]. (A.7)
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Although formally the two fourth rank tensors Rγµρλ and Rγµρλ should be
equivalent based on Eqs. (A.1-A.3), direct verification with use of just Eq. (31),
(61), (57-58) and connections has not been determined in published papers. The
Ricci tensor is obtained by
σ0g
γλRγµρλ = σ0Rµρ =
1
2
[q˜µKρλq
λ − q˜λKρλqµ − q˜λqµK†ρλ +K†ρλq˜µqλ] ≡ Rµρ,
(A.8)
and the curvature scalar by
σ0R = g
µρσ0Rµρ =
1
2
[q˜ρKρλq
λ − q˜λKρλqρ − q˜λqρK†ρλ +K†ρλq˜ρqλ] ≡ R, (A.9)
with Rµρ called the quaternionic Ricci tensor and R the quaternionic scalar
curvature.
B The Relation Between the Sachs equations
and the Einstein and Maxwell Equations.
The Einstein equations and the structure of the Maxwell equations can be re-
produced from the Sachs equations by a process that begins with multiplying
the first of Eq. (83) on the right by q˜γ and the second on the left by qγ giving
1
4
(Kρλq
λq˜γ + q
λK†ρλq˜γ)−
1
8
qρq˜γR = kF˜ρq˜γ ,
1
4
(−qγ q˜λKρλ − qγK†ρλq˜λ)−
1
8
qγ q˜ρR = kqγF˜ρ. (B.1)
Adding and subtracting these produces
1
4
(Kρλq
λq˜γ − qγ q˜λKρλ + qλK†ρλq˜γ − qγK†ρλq˜λ)−
1
8
(qρq˜γ + qγ q˜ρ)R = k(Fρq˜γ + qγF˜ρ),
1
4
(Kρλq
λq˜γ + qγ q˜
λKρλ + q
λK†ρλq˜γ + qγK
†
ρλq˜
λ)− 1
8
(qρq˜γ − qγ q˜ρ)R = k(Fρq˜γ − qγF˜ρ).(B.2)
Taking the trace of both equations
Tr[Kρλ(q
λq˜γ − qγ q˜λ) +K†ρλ(q˜γqλ − q˜λqγ)]−
1
2
Tr(qρq˜γ + qγ q˜ρ)R = 4kT r(Fρq˜γ + qγF˜ρ),
T r[Kρλ(q
λq˜γ + qγ q˜
λ) +K†ρλ(q˜γq
λ + q˜λqγ)]− 1
2
Tr(qρq˜γ − qγ q˜ρ)R = 4k(Fρq˜γ − qγF˜ρ).(B.3)
Using Eq. (31) leads to
Tr[Kρλ(q
λq˜γ − qγ q˜λ) +K†ρλ(q˜γqλ − q˜λqγ)]− gργTrR = 4kT r(Fρq˜γ + qγF˜ρ),
2Tr[Kργ +K
†
ργ ]−
1
2
Tr(qρq˜γ − qγ q˜ρ)R = 4k(Fρq˜γ − qγF˜ρ).(B.4)
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Using, from Eqs. (76)
Rµρ = −1
2
[q˜λKρλqµ + q˜
λqµK
†
ρλ −K†ρλq˜µqλ − q˜µKρλqλ],
T rRγρ = −1
2
Tr[Kρλ(qγ q˜
λ − qλq˜γ) +K†ρλ(q˜λqγ − q˜γqλ)] = TrRγρ
R = σ0R,
and that Tr(qρq˜γ − qγ q˜ρ) = 0, we obtain
Rργ − 1
2
gργR = kT r(Fρq˜γ + qγF˜ρ),
T r[Kργ +K
†
ργ ] = 2kT r(Fρq˜γ − qγF˜ρ). (B.5)
The first equation is equivalent to Einstein equation. What is the structure of
second equation? Define the antisymmetric tensor
Fργ = Tr[Kργ +K†ργ ] = −Fγρ (B.6)
It has 6 independent components. It is also the curl of a four vector
Fργ = Tr[Kργ + h.c.] = Tr[Ωρ,γ +ΩγΩρ − Ωγ ,ρ−ΩρΩγ + h.c.]
= Tr[Ωρ,γ −Ωγ ,ρ+h.c.]
= Aρ,γ −Aγ ,ρ (B.7)
Defining a current by
Fργ;γ = 2kT r(Fρq˜γ − qγF˜ρ);γ ≡ jρ, (B.8)
As a consequence of the antisymmetry we have that this current is covariantly
conserved
Fργ;γ;ρ = 0 = jρ;ρ = 0.
And, since it also the curl of a four vector
Fργ;λ + Fγλ;ρ + Fλρ;γ = Fργ,λ + Fγλ,ρ + Fλρ,γ = 0 (B.9)
These equations have the derived structure of the Maxwell equations including
the no magnetic charge and Faraday laws. However, the tensor Fργ is not
equivalent to the Faraday tensor since from Eq. (67) we have that
Fργ = 0.
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